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Multiple zeta values(MZVs)

De�nition

Multiple zeta value is a real number de�ned by

ζ(k1, . . . , kd) =
∑

0<n1<···<nd

1

nk1
1
· · · nkdd

,

where k1, . . . , kd−1 ∈ Z>0, kd ∈ Z>1.
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iterated integral

De�nition

For a0, . . . , ak+1 ∈ C with a0 ̸= a1, ak ̸= ak+1, and a path

γ : [0, 1]→ C from a0 to ak+1 such that

γ((0, 1)) ⊂ C \ {a1, . . . , ak}, we de�ne

Iγ(a0; a1, . . . , ak ; ak+1)

by the iterated integral∫
0<t1<···<tk<1

k∏
j=1

dγ(tj)

γ(tj)− aj
∈ C.

Remark

MZVs are iterated integrals with ai ∈ {0, 1},
a0 = 0, a1 = 1, ak = 0, ak+1 = 1 and γ(t) = t. More precisely,

ζ(k1, . . . , kd) = (−1)d I (0; 1, {0}k1−1, . . . , 1, {0}kd−1; 1).
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Yamamoto's integral

De�nition (labeled poset)

X = (X ,⪯X , δX ) is called a labeled poset if X is a �nite set,

⪯X⊂ X × X

is a partial order, and

δX : X → C

is a map (this map is called a labeling map of X ). We denote the

corresponding strict partial order of ⪯X by ≺X , and when the X is

clear from the context, we denote ⪯X , ≺X and δX simply by ⪯, ≺
and δ, respectively.
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Yamamoto's integral

De�nition (Yamamoto's integral)

For a path γ : [0, 1]→ C such that γ((0, 1)) ⊆ C \ δ(X ), we say
that X is admissible if δ(x) ̸= γ(1) for any maximal elements of
X , and δ(x) ̸= γ(0) for any minimal elements of X . For an

admissible labeled poset X , Yamamoto's integral is de�ned by

Iγ(X ) :=

∫
∆(X )

∏
x∈X

ωδ(x)(γ(tx)),

where

∆(X ) := {t = (tx)x∈X ∈ (0, 1)X | tx < ty if x ≺ y},

ωa(t) :=
dt

t − a
.
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Property of Yamamoto's integral

De�nition

For (X ,⪯X , δX ) and (Y ,⪯Y , δY ), we de�ne the direct sum

(X
⊔

Y ,⪯X
⊔

Y , δX
⊔

Y ),

where

a ⪯X
⊔

Y b ⇐⇒

{
a ⪯X b and a, b ∈ X

a ⪯Y b and a, b ∈ Y ,

and

δX
⊔

Y (a) =

{
δX (a) if a ∈ X

δY (a) if a ∈ Y ,
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Property of Yamamoto's integral

De�nition

A labeled poset (X ,⪯, δ) is said to be irreducible if

(X ,⪯, δ) ̸= (Y ,⪯ |Y , δ|Y ) ⊔ (X \ Y ,⪯ |X\Y , δ|X\Y ),

for all ∅ ⊊ Y ⊊ X , where ⪯ |Y is ⪯ ∩Y 2.

De�nition

For (X ,⪯, δ) and incomparable elements a, b ∈ X , we de�ne

X b
a := (X ,⪯ ∪{(x , y)| x ⪯ a and b ⪯ y}, δ).

Ku-Yu Fan
Coproduct Formula for Motivic Version of Yamamoto's Integral
8 / 45



Introduction Notations Main theorem Examples Appendix Reference

Properties of Yamamoto's integral

De�nition

For (X ,⪯X , δ), we de�ne

Tot(X ) = {(X ,⪯, δ) | ⪯X⊂⪯ and ⪯ is a total order}.

Proposition

Let X ,Y be two labeled posets. For a path γ : [0, 1]→ C such

that γ((0, 1)) ⊆ C \ (δX (X ) ∪ δY (Y )) and a, b ∈ X not

comparable, we have

1 Iγ(X )Iγ(Y ) = Iγ(X
⊔
Y ).

2 Iγ(X ) = Iγ(X
b
a ) + Iγ(X

a
b ).

3 Iγ(X ) =
∑

Y∈Tot(X ) Iγ(Y ).
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Motivic iterated integrals

For k ≥ 0, a0, . . . , ak+1 ∈ Q and a piecewisely smooth path

γ : [0, 1]→ C from a0 to ak+1 such that

γ((0, 1)) ⊂ C \ {a1, . . . , ak} and γ′(0), γ′(1) ∈ Q \ {0},

one can de�ne the motivic iterated integral

Imγ (a0; a1, . . . , ak ; ak+1),

which is mapped to Iγ(a0; a1, . . . , ak ; ak+1) under the period map,

and thus the motivic multiple zeta values are de�ned by

ζm(k1, . . . , kd) := (−1)d Im(0; 1, {0}k1−1, . . . , 1, {0}kd−1; 1).
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Motivic version of Yamamoto's integral

De�nition

Let (X ,⪯, δ) be a labeled poset with the labeling map

δ : X → Q.

Motivic version of Yamamoto's integral is de�ned by

Imγ (X ) :=
∑

Y∈Tot(X )

Imγ (Y ),

where Imγ (Y ) is the motivic iterated integral, which corresponds to

iterated integral Iγ(Y ).
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Properties of motivic iterated integrals

Proposition

1 Imγ (a0; a1) = 1.

2 Imγ (a0; a1, . . . , ak ; ak+1) = (−1)k Imγ−1(ak+1; ak , . . . , a1; a0).

3 Motivic iterated integrals Imγ (a;α; b) satisfy shu�e relation i.e.

Imγ (a;α; b) · Imγ (a;β; b) = Imγ (a;α� β; b).

4 Motivic iterated integrals Imγ (a;ω; b) satisfy path composition

formula i.e.

Imγ (a;ω; b) =
∑
αβ=ω

Imγ′(a;α; c) · Imγ′′(c ;β; b),

where γ is the composition of γ′ and γ′′.
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Coaction on H

Let H = ⟨Imγ (a0; a1, . . . , ak ; ak+1)⟩Q be the Q-algebra generated by

the motivic version iterated integral, where Imγ (a0; a1, . . . , ak ; ak+1)
runs over all cases considered in above. By shu�e relation H
becomes a subalgebra of the ring of periods of mixed Tates

motives. Let A be the quotient H/(µ) with natural projection

π : H → A, where µ is the motivic version of 2πi in H. Goncharov
proved a coproduct formula for motivic iterated integrals, which

turns A into a Hopf algebra, and Brown generalized the coproduct

to the coaction on H.
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Coaction on H
Theorem (Goncharov)

Let ∆ : H → A⊗H be the coaction on H. Then,

∆(Imγ (a0; a1, . . . , ak ; ak+1)) =
k∑

s=0

∑
i0<···<is+1

i0=0,is+1=k+1

s∏
p=0

I a(aip ; aip+1, . . . , aip+1−1; aip+1)⊗ Imγ (ai0 ; ai1 , . . . , ais ; ais+1)

where

I a(aip ; aip+1, . . . , aip+1−1; aip+1) := π(Imγ (aip ; aip+1, . . . , aip+1−1; aip+1))

with an arbitrary path γ from aip to aip+1 . Since I a does not depend

on the choose of γ, this is well-de�nd.
Ku-Yu Fan
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In�nitesimal coaction

De�nition

Let π′ be the natural projection from A to A/A2

>0
. For r ∈ N, the

in�nitesimal coaction Dr : H → A⊗H is de�ned by

Dr (I
m
γ (a0; a1, . . . , ak ; ak+1))

=
k−r∑
s=0

I l(as ; as+1, . . . , as+r ;as+r+1)

⊗Imγ (a0; a1, . . . , as , as+r+1, . . . , ak ; ak+1)

where

I l(aip ; aip+1, . . . , aip+1−1; aip+1) := π′(I a(aip ; aip+1, . . . , aip+1−1; aip+1)).
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De�nition

For a labeled poset X a path γ, we de�ne the extension of X with

respect to γ as

X̃γ := (X̃γ ,⪯X̃γ
, δ̃

X̃γ
),

where

X̃γ := X ∪ {x0, x1}

⪯
X̃γ

:=⪯X ∪{(x0, x)|x ∈ X̃γ} ∪ {(x , x1)|x ∈ X̃γ}

δ̃
X̃γ

(x) :=


δX (x) if x ∈ X

γ(0) if x = x0

γ(1) if x = x1

.

When the path γ is clear, we denote X̃γ simply by X̃ .
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De�nition

For posets Y ⊂ X , we de�ne the subsets

Y≺X :=
⋃
y∈Y
{x ∈ X | x ⪯ y} \ Y

Y≻X :=
⋃
y∈Y
{x ∈ X | x ⪰ y} \ Y

and their subsets

Y→X := {p ∈ Y≺X | ∄ l ∈ Y≺X s.t. p ≺ l}

Y←X := {q ∈ Y≻X | ∄ u ∈ Y≻X s.t. u ≺ q}.
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Remark

We will also use the following notations.

1 We denote {y}≺X (resp. {y}≻X , {y}→X , {y}←X ) by y≺X

(resp. y≻X , y→X , y←X ).

2 We denote x ∈ Y→X (resp. x ∈ Y←X ) by x →X Y or

Y ←X x (resp. x ←X Y or Y →X x).

3 When Y→X (resp. Y←X ) is a singleton we denote its unique

element by →X Y (resp. ←X Y ).
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De�nition

Let X be a labeled poset. Fix Y ⊂ X . For p → Y , q ← Y , we

de�ne

X
(p,Ŷ ,q)

:= (X
Ŷ
,⪯X

(p,Ŷ ,q)
, δX

Ŷ
)

where

X
Ŷ
:= X \ Y

⪯X
(p,Ŷ ,q)

:= ⪯X \{(a, b) ∈⪯X |a ∈ Y or b ∈ Y }

∪ {(a, b) ∈ X
Ŷ
× X

Ŷ
|a ∈ Y≺X , p ⪯X b}

∪ {(a, b) ∈ X
Ŷ
× X

Ŷ
|b ∈ Y≻X , a ⪯X q}

δX
Ŷ
:= δX |X

Ŷ

Ku-Yu Fan
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Remark

When |Y→X | = |Y←X | = 1, we denote X
(p,Ŷ ,q)

simply by X
Ŷ
.

We denote X
(p,{̂y},q) (resp. X{̂y}) simply by X(p,ŷ ,q) (resp. Xŷ ).

De�nition

Let X be a labeled poset. For r ∈ N, we de�ne

Xr := {Y ⊂ X | |Y | = r , ∀ x ∈ (X\Y ) ∄ y , y ′ ∈ Y s.t. y ⪯ x ⪯ y ′}.

De�nition

Let X be a labeled poset. For Y ∈ Xr and Y ∈ Tot(Y ), we de�ne

TotY (X ) := {X ∈ Tot(X ) |Y ∈ X r ,⪯Y⊂⪯X}

Ku-Yu Fan
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De�nition of Dr

De�nition

When ⪯ is a total order, using our notation to rewrite the

de�nition of Dr . Then,

Dr : H → A/A2

>0 ⊗H.

by

Dr (I
m
γ (X )) :=

∑
Y∈Xr

I l(→
X̃
Y ;Y→

X̃
)(Y )⊗ Imγ (X

Ŷ
)

where

I l(p;q)(Y ) = π′ ◦ π(Imγ (Y )) with arbitrary path γ from δ̃(p) to δ̃(q).

Ku-Yu Fan
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Main theorem (1)

Theorem (1)

Let X be a labeled poset and γ be a path. Then

D ′r (I
m
γ (X )) =

∑
Y∈Xr

Y is irr.

∑
p→

X̃
Y

q←
X̃
Y

I l(p;q)(Y )⊗ Imγ (X
(p,Ŷ ,q)

).

Sketch of proof.

Step1. By the de�nition of motivic version of Yamamoto's integral,

D ′r (I
m
γ (X )) =

∑
Y∈Tot(X )

D ′r (I
m
γ (Y )).

Ku-Yu Fan
Coproduct Formula for Motivic Version of Yamamoto's Integral
22 / 45



Introduction Notations Main theorem Examples Appendix Reference

Main theorem (1)

Sketch of proof.

Step2. By path composition formula, modulo product, we have

I lγ(a;ω; b) =
∑
αβ=ω

I lγ′(a;α; c)·I lγ′′(c ;β; b) = I lγ′(a;ω; c)+I lγ′′(c ;ω; b).

Using formula above to get

D ′r (I
m
γ (X )) =

∑
Y∈Xr

∑
p→Y
q←Y

(
nY∏
i=1

I l(p;q)(Yi )

)
⊗

 ∑
W∈Tot(X

(p,Ŷ ,q)
)

Imγ (W )

 .

Step3. Again by the de�nition of motivic version of Yamamoto's

integral and modulo product to �nish the proof.
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De�nition

Let X be a labeled poset. For x , x ′ ∈ X , we say x ′ is adjacent to x
if

x → x ′ or x ′ → x ,

and denote it as x ↔ x ′. For y ∈ Y ⊂ X , we de�ne the connected

component of y in Y as

CX ,Y (y) := {y ′ ∈ Y | ∃ y1, . . . , yn ∈ Y s.t. y = y1 ↔ · · · ↔ yn = y ′}

and the component set of Y as

CX (Y ) := {CX ,Y (y) | y ∈ Y }.

Notice that CX (Y ) forms a partition of Y .
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De�nition of ∆

Theorem

When ⪯X is a total order, using our notation to rewrite the

theorem of Brown. Then,

∆ : H → A⊗H

can be rewritten as

∆(Imγ (X )) :=
∑
Y⊂X

∏
Z∈CX (Y )

I a(→
X̃
Z ;Z→

X̃
)(Z )⊗ Imγ (X

Ŷ
)

Ku-Yu Fan
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De�nition of ∆

De�nition

Let X be a labeled poset. For Y ⊂ X , we de�ne

∆Y (I
m
γ (X )) :=

∑
X∈Tot(X )

∏
Z∈CX (Y )

I a(→
X̃
Z ;Z→

X̃
)(Z )⊗ Imγ (X

Ŷ
)

Remark

Let X be a labeled poset and γ be a path, we have the following

relation.

∆(Imγ (X )) =
∑
Y⊂X

∆Y (I
m
γ (X ))

Ku-Yu Fan
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Main theorem (2)

Theorem (2)

Let X be a labeled poset, γ be a path and Y ⊂ X . If for all

Z ∈ CX (Y ) we have Z ∈ X|Z | and |Z→X | = |Z←X | = 1, then one

has

∆Y (I
m
γ (X )) =

∏
Z∈CX (Y )

I a(pZ ;qZ )(Z )⊗ Imγ (X
Ŷ
),

where pZ :=→
X̃
Z and qZ :=←

X̃
Z .
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Main theorem (2)

Sketch of proof.

Step1. By the de�nition of motivic version of Yamamoto's integral,

∆(Imγ (X )) =
∑

Y∈Tot(X )

∆(Imγ (Y )).

Step2. By condition Z ∈ X|Z |, |Z→X | = |Z←X | = 1 and path

composition formula, we have

∆Y (I
m
γ (X )) =

∑
W∈Tot(X

Ŷ
)

∏
V∈CX (Y )

I a(pV ;qV )(V )⊗ Imγ (W ).

Step3. Again by the de�nition of motivic version of Yamamoto's

integral to �nish the proof.
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Examples of Theorem(2)

Let us consider the case

X = {x1, . . . , xn, xn+1, x
′
1, . . . , x

′
m}

⪯= {(xa, xb) | a ≤ b}∪{(x ′a, x ′b) | a ≤ b}∪{(x ′a, xn+1) | a ∈ {1, . . . ,m}}

δ(x) =

{
1 if x ∈ {x1, x ′1}
0 others

γ(t) = t, t ∈ [0, 1]

In other words,

X =

•
◦◦
◦◦
◦◦
◦◦
◦◦
•

n m
.

Ku-Yu Fan
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Examples of Theorem(2)

By Proposition of Yamamoto's integral, we have

Im(X ) =
n∑

i=1

(
n − i +m

n − i

)
ζm(i , n − i +m + 1)

+
m∑
j=1

(
n +m − j

m − j

)
ζm(j , n +m − j + 1).

Ku-Yu Fan
Coproduct Formula for Motivic Version of Yamamoto's Integral
30 / 45



Introduction Notations Main theorem Examples Appendix Reference

Examples of Theorem(2)

Let us calculate ∆(Im(X )) using Theorem (2). First, using the

proposition of motivic iterated integral, it is easy to show the

formula

Im(0; {0}a, 1, {0}b; 1) = (−1)a+1

(
a+ b

a

)
ζm(a+ b + 1),

and using
( i
k

)
=
(i−1

k

)
+
( i−1
k−1
)
, it is easy to show the formula

i∑
k=0

(−1)i−k+1
m

m + k

(
i

k

)
=

(−1)i+1(i+m
m

) .

Next, using the remark of coproduct to have

∆(Im(X )) =
∑
Y⊂X

∆Y (I
m(X )).

Ku-Yu Fan
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Examples of Theorem(2)

Motivic iterated integrals have the following property

Im(0; 0; 1) = Im(0; 1; 1) = Im(a; a1, . . . , ak ; a) = 0. (k ≥ 1)

Finally using Theorem (2), Proposition of Yamamoto's integral, and

property of Motivic iterated integrals to determine two types of Y ,

which may have non-zero terms of ∆Y (I
m(X )).

1 Y1,i = {xi , . . . , xn+1, x
′
1
, . . . , x ′m}.

2 Y2,j = {x1, . . . , xn+1, x
′
j , . . . , x

′
m}.

Since in this case, the integral is MZVs, hence we can write the

formula of ∆(Im(X )) by two types of Y and in terms of MZVs

∆(Im(X )) = 1⊗ Im(X ) + I a(X )⊗ 1

+
n+1∑
i=3

I a(Y1,i )⊗ (−ζm(i − 1)) +
m+1∑
j=3

I a(Y2,j)⊗ (−ζm(j − 1)).
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Examples of Theorem(2)

By Proposition of Yamamoto's integral and the formula above we

have

I a(Y1,n+1−i ) =
i∑

k=0

(
m − 1+ k

k

)
I a(0; {0}i−k , 1, {0}m+k ; 1)

=
i∑

k=0

m

m + k

(
m + k

k

)
(−1)i−k+1

(
m + i

i − k

)
ζa(m + i + 1)

=

(
m + i

m

)( i∑
k=0

(−1)i−k+1
m

m + k

(
i

k

))
ζa(m + i + 1)

=

(
m + i

m

)
(−1)i+1(i+m

m

) ζa(m + i + 1)

= (−1)i+1ζa(m + i + 1)
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Examples of Theorem(2)

Hence we get

∆(Im(X )) = 1⊗ Im(X ) + I a(X )⊗ 1

+
n−2∑
i=0

(−1)iζa(m + i + 1)⊗ ζm(n − i)

+
m−2∑
j=0

(−1)jζa(n + j + 1)⊗ ζm(m − j).
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Examples of Theorem(1)

Let us consider the case

X = {x1, . . . , xn, x ′1, . . . , x ′n}

⪯= {(xa, xb) | a ≤ b} ∪ {(x ′a, x ′b) | a ≤ b} ∪ {(xa, x ′b) | a ≤ b}

δ(x) =

{
1 if x ∈ {x ′

1
, x ′

2
, x1, xn}

0 others
,

γ(t) = t, t ∈ [0, 1].

In other words,

X =

•
◦◦
◦◦
•

•
••
••
◦◦
◦
•

◦

◦
◦

◦
•

n

.
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Examples of Theorem(1)

Let us calculate D3(I
m(X )) using Theorem (1). For convenience

where we assume n ≥ 5 and let δ(x0) = 0, δ(x ′n+1
) = 1. First notice

that the irreducible elements in X3 only have four types

1 Y1,m = {xm, xm+1, xm+2}.
2 Y2,m = {x ′m, xm, xm+1}.
3 Y3,m = {x ′m, x ′m+1

, xm+1}.
4 Y4,m = {x ′m, x ′m+1

, x ′m+2
}.
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Examples of Theorem(1)

Thus, by Theorem (1) and the proposition of motivic iterated

integrals we have

D3(I (X ))

= I l(x0;x ′1)
(Y1,1)⊗ Im(X

(x0,Ŷ1,1,x ′1)
) + I l(x0;x ′2)

(Y2,1)⊗ Im(X
(x0,Ŷ2,1,x ′2)

)

+ I l(x ′1;x ′3)
(Y2,2)⊗ Im(X

(x ′1,Ŷ2,2,x ′3)
) + I l(x ′1;x4)

(Y2,2)⊗ Im(X
(x ′1,Ŷ2,2,x4)

)

+ I l(x1;x3)(Y3,1)⊗ Im(X
(x1,Ŷ3,1,x3)

) + I l(x ′1;x4)
(Y3,2)⊗ Im(X

(x ′1,Ŷ3,2,x4)
)

+ I l(xn−1;x ′n+1)
(Y3,n−1)⊗ Im(X

(xn−1,Ŷ3,n−1,x ′n+1)
)

+ I l(x ′n−2;x
′
n+1)

(Y3,n−1)⊗ Im(X
(x ′n−2,Ŷ3,n−1,x ′n+1)

).
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Examples of Theorem(1)

I l(x0;x ′1)
(Y1,1)⊗ Im(X

(x0,Ŷ1,1,x ′1)
) =

I l(x0;x ′1)

(
•
◦◦
◦)
⊗ Im


•
◦◦
◦◦
◦◦
◦

•
•

•

◦◦
◦
◦
◦◦

◦
◦
•

◦
•n

 .
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Theorem (Hirose, Murahara, and Onozuka)

If k is an admissible index such that k(i , j) = k(i + 1, j + 1) for all
(i , j), (i + 1, j + 1) ∈ λ, then the SMZV ζ(k) has Yamamoto's

integral expression, i.e. we have

ζ


k1

ki . .
.

. . .

. .
.

ki
kr

 = I

 •
◦
◦k1 · · ·

•
◦

•
◦

•

•
◦

li

◦

◦

◦

ki

· · · •
◦
◦kr

 ,

where li is the number of ki 's.
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By Theorem above, we have

ζm
(

n 1

1 n

)
= Im


•
◦◦
◦◦
•

•
••
••
◦◦
◦
•

◦

◦
◦

◦
•

n
 .

Therefore, our formula gives a cocation formula for the Schur MZV

on the left-hand side.
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Proposition

ζ⋆({2}n) = I ( •
◦◦
••
◦· · ·• ◦) =

∑
k1+···+kn=2n
k1+···+kr≤2r

(
n∏

i=1

hi

)2

ζ(k1, . . . , kn),

where

hi = 2i − 1−
i−1∑
j=1

kj

Example (n=4, coe�cient of ζ(1, 2, 1, 3))

ζ(1, 2, 1, 3) = I

(
•••
◦◦••
••◦◦
◦◦◦
)

hi = 3

hi = 2

hi = 1 •

•• ◦◦ ••

•• ◦◦

◦◦

◦
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Proposition

ζ⋆(kd , . . . , k1) = I

(
•
◦◦
◦◦

••
◦◦
◦k1
· · ·

•
◦◦
◦kd
)

=
∑

k1...kr=k
1≤r≤d

(−1)d−rζ(k1) · · · ζ(kr ),

where k = (k1, . . . , kd).

Example (d=4, ζ⋆(5, 4, 3, 2))

ζ⋆(5, 4, 3, 2) = ζ(2)ζ(3)ζ(4)ζ(5)− ζ(2, 3)ζ(4)ζ(5)

− ζ(2)ζ(3, 4)ζ(5)− ζ(2)ζ(3)ζ(4, 5) + ζ(2, 3, 4)ζ(5)

+ ζ(2, 3)ζ(4, 5) + ζ(2)ζ(3, 4, 5)− ζ(2, 3, 4, 5)
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Thanks for your attention!
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