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Multiple zeta values(MZVs)

Definition

Multiple zeta value is a real number defined by

1
Sl oska) = >,

0<n<-<ng L

where ki,..., kg1 € Z~o, kg € Z>1.
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iterated integral

Definition

For ag,...,aks1 € C with ag # a1, ax # ak+1, and a path
v :[0,1] — C from ag to a1 such that
~v((0,1)) € C\ {a1,...,ak}, we define

l(a0; a1, - - -, ak; ak+1)
by the iterated integral
k

dv(t)

[ )
0<ty <oor<ty <1 v(t) — a3

MZVs are iterated integrals with a; € {0, 1},

ag=0,a1 =1,ak = 0,341 =1 and ~(t) = t. More precisely,
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Yamamoto's integral

Definition (labeled poset)
X = (X,=x,0x) is called a labeled poset if X is a finite set,

<xC X x X

is a partial order, and
(5)( X = C

is a map (this map is called a labeling map of X). We denote the
corresponding strict partial order of <x by <x, and when the X is
clear from the context, we denote <x, <x and dx simply by =<, <
and 0, respectively.
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Yamamoto's integral

Definition (Yamamoto's integral)

For a path v : [0,1] — C such that v((0,1)) C C\ §(X), we say
that X is admissible if (x) # (1) for any maximal elements of
X, and §(x) # v(0) for any minimal elements of X. For an

admissible labeled poset X, Yamamoto's integral is defined by

L(X) = /A (X)g(wg(x)w(tx)),

where

A(X) = {t = (t)xex € (0, 1) | t, < t, if x <y},
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Property of Yamamoto's integral

Definition
For (X, =<x,0x) and (Y, <y, dy), we define the direct sum

(XI_I Y, =2x 1y, 0x1v)s

where
a=x band a,be X

a= b <—
—xUY {a <y band a,be Y,

and
ox(a)ifae X

oxyv(a) = {5y(a) ifae,
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Property of Yamamoto's integral

Definition
A labeled poset (X, =<,9) is said to be irreducible if

(X7j75) ?é (Ya = |Y76|Y) U (X\ Y, = |X\Y>5|X\Y)7

forall ) C Y C X, where < |y is < NY2.

Definition

For (X, =,0) and incomparable elements a, b € X, we define

Xf = (X, 2 U{(x,y)| x Xaand b <y}, J).
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Properties of Yamamoto's integral

For (X, <x,0), we define

Tot(X) = {(X,=,0) | =xC= and = is a total order}.

Proposition

Let X, Y be two labeled posets. For a path -y : [0,1] — C such

that v((0,1)) C C\ (6x(X)Udy(Y)) and a, b € X not
comparable, we have

Q@ L(X)L(Y)=LXY).
@ 1,(X) = LX) + 1,(X).
Q L(X)= ZYGTot(X) h(Y).

Ku-Yu Fan 9/45



Introduction
0000000800000

Motivic iterated integrals

For k >0, ag,...,ak+1 € Q and a piecewisely smooth path
v :[0,1] — C from ag to a1 such that

7((0,1)) € C\ {a1,..., a} and 7/(0),7'(1) € @\ {0},

one can define the motivic iterated integral

I;“(ao; aly...,dk, ak+1),
which is mapped to /,(ag; a1, . .., ak; ak+1) under the period map,

and thus the motivic multiple zeta values are defined by

Cm(kl’ A kd) = (_1)dlm(0; 1, {O}klilv N {O}kdili 1).
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Motivic version of Yamamoto's integral

Let (X, =,0) be a labeled poset with the labeling map
i: X—=Q.

Motivic version of Yamamoto's integral is defined by

Y eTot(X)

where [7'(Y) is the motivic iterated integral, which corresponds to
iterated integral /,(Y).
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Properties of motivic iterated integrals

o /;“(ao; 31) =1.
Q@ M(ag;an, ..., aK aks1) = (—1)* Ta(aktai ak, - -+, a1; ).

© Motivic iterated integrals I3'(a; ov; b) satisfy shuffle relation i.e.

I;“(a; a; b) - I;"(a; B; b) = I;“(a; a W B; b).

Q Motivic iterated integrals 17'(a; w; b) satisfy path composition
formula i.e.

M(aw;b) = Y IM(ae;c)- (e B; b),

aff=w

where ~y Is the composition of v' and +".
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Coaction on ‘H

Let H = (I7'(a0; a1, - - -, a; ak+1))q be the Q-algebra generated by
the motivic version iterated integral, where l;“(ao; al, ..., ak ak+1)
runs over all cases considered in above. By shuffle relation H
becomes a subalgebra of the ring of periods of mixed Tates
motives. Let A be the quotient # /(1) with natural projection

7w :H — A, where pu is the motivic version of 27/ in H. Goncharov
proved a coproduct formula for motivic iterated integrals, which
turns A into a Hopf algebra, and Brown generalized the coproduct
to the coaction on H.

Ku-Yu Fan 13 /45



Introduction a s VEY n m Appendix
0000000000080 00 [e)e)

Coaction on ‘H

Theorem (Goncharov)
Let A : H — A® H be the coaction on H. Then,

2
A(I%(a0; a1, - - -, ak; akr1)) = Z Z

s=0 ip<--<ist1

i0=0,isy1=k+1
s
a . . m . .

H 1%(ai, @ipt1s -+ + 5 Aipyy—13 Aiger) ® 17 (305 @iy -+ -5 3is Biyy)

p=0
where
a . . P m Wt Zm . - 9.
I (aip, aip+17 coog aip+1,1, aip+1) O TI'(I,Y (alpv alp+17 © ooy a,erl,]_, alp+1))

with an arbitrary path v from aj, to a;,,,. Since I* does not depend
on the choose of vy, this is well-defind.
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Infinitesimal coaction

Let 7’ be the natural projection from A to A/A2,. For r € N, the
infinitesimal coaction D, : H — A ® H is defined by

D (17 (a0; a1, - - - ak; ak+1))
e

e
§ : lr, . .
= / (351 As41,---, as+ryas+r+1)
s=0
m . .
®I'y (301 a1, --5ds,ds4r+15 .- ki 8k+1)
where

1'(3i; @iptts - -5 Bippa—1i Bipay) 1= 7 (13455 i1, - -+ Ajpya—1i Aipya)
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Definition

For a labeled poset X a path 7, we define the extension of X with
respect to v as

X’Y = (X’Ya jf(w?d)?,y)v

where

Xy 1= X U {x0, x1}
<%, ==x U{(x0, x)Ix € X} U{(x,x1)|x € X, }

dx(x) ifxeX
(5)?W(X) =47(0) ifx=x-
(1) if x=x

When the path ~ is clear, we denote )Z, simply by X.
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For posets Y C X, we define the subsets

y=X = U{XEX|xjy}\Y
YeY

y=X .= U{XEX!xty}\Y
YeY

and their subsets
Y?X ={peYX|BlcYXst.p=<I}

Y ={qge Y X |Fuec Y Xst u<q}
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We will also use the following notations.

@ We denote {y} =X (resp. {y}=*, {y} 7%, {y}%) by y=*
(resp. y= %,y =%, y=%).

Q@ We denote x € Y7X (resp. x € Y<X) by x =x Y or
Y < x x (resp. x <x Y or Y —x x).

© When Y X (resp. Y X) is a singleton we denote its unique
element by —x Y (resp. <—x Y).
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Definition
Let X be a labeled poset. Fix Y C X. Forp — Y, g+ Y, we

define

X X

(p,\’;,q) = ( S;? jX(m?’q))éX?)

where

Xg = X\Y

==<x \{(a,b) exXx|aeYorbe Y}
U{(a,b) € Xg x Xgla€ YX, p =x b}
U{(a, b) € X? X X?’bE Y>X, a=x q}

dx, = Ox|x
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When |Y=X| = |Y<X| =1, we denote X, o  simply by Xo.
) (p,Y,q) Y
We denote X(p@/\}’q) (resp. X{fy\}) simply by X(,5.q) (resp. X5).

v

Let X be a labeled poset. For r € N, we define

Xe={YCX||Y|=r,¥Yxe(X\Y)By,y € Ysty <x=y}]

Let X be a labeled poset. For Y € X, and Y € Tot(Y), we define

Toty(X) := {X € Tot(X) | Y € X, =5C=x}
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Definition of D,

Definition
When < is a total order, using our notation to rewrite the
definition of D,. Then,

by
Z /—> vivoy)(Y) @ H(Xy)

YeX;

where

I([p;q)(Y) =7’ om(7'(Y)) with arbitrary path ~ from 5(p) to 0(q). |
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Main theorem Appendix
[e] lele]ele]e]e] olele [e]e]

Main theorem (1)

Theorem (1)
Let X be a labeled poset and v be a path. Then

YeX: P%)?Y
Y is irr. g5 Y

Sketch of proof.

Stepl. By the definition of motivic version of Yamamoto's integral,

DX = 3 DUIN(Y)).

Y eTot(X)

Ku-Yu Fan 22 /45
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Main theorem (1)

Sketch of proof.

Step2. By path composition formula, modulo product, we have

(a;w; b) Z I'(a; a; €) ,,(c;ﬁ; b) = I,s,(a;w; c)+lfyu(c;w;b).

af=w

Using formula above to get

ny
— [
-3 3 (Mtwti)e| > 2w
YeX, p—Y \i=1 WETot(X , 7.0))
q<Y T

Step3. Again by the definition of motivic version of Yamamoto's
integral and modulo product to finish the proof.
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Definition
Let X be a labeled poset. For x,x’ € X, we say x’ is adjacent to x
if

x = x or xX' = x,

and denote it as x <> x’. For y € Y C X, we define the connected
component of y in Y as

Cxy(y)={/€e€Y|TIn,....mm€¥st.y=n+ - y,=y}

and the component set of Y as

Cx(Y) ={Cxyv(y)|lye Y}

Notice that Cx(Y) forms a partition of Y.
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Definition of A

When <x is a total order, using our notation to rewrite the
theorem of Brown. Then,

A:H—-AQH

can be rewritten as

A(l Z H —> ZiZ— )(Z)®/m(X )

YCX ZeCx(Y)
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Definition of A

Definition
Let X be a labeled poset. For Y C X, we define

Ay (I3(X)) = Z H /(a—>§z;z—>§)(z) ® IMMXy)

XeTot(X) ZEC(Y)

\.

Let X be a labeled poset and v be a path, we have the following
relation.

A(IN(X) = D Ay (IF(X))

YcX

Ku-Yu Fan 26 /45
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Main theorem (2)

Theorem (2)

Let X be a labeled poset, v be a path and Y C X. If for all
Z € Cx(Y) we have Z € Xz and |Z7%| = |Z=X| =1, then one
has

Ay (K(X)) = H loziaz)(Z) ® B'(Xg),
ZECX(Y)

where p7 :=—5 Z and q7 ==+ Z.
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Main theorem (2)

Sketch of proof.

Stepl. By the definition of motivic version of Yamamoto's integral,

A(MX) = > AU(Y

Y eTot(X)

Step2. By condition Z € Xz, |Z7X| =|Z<%| =1 and path
composition formula, we have

Ay =Y. I ey @ (W),

WeTot(Xy) VeCx(Y)

Step3. Again by the definition of motivic version of Yamamoto's
integral to finish the proof.
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Examples of Theorem(2)

Let us consider the case
X = {Xl,...,x,,,x,,H,X{,...,x,',,}
<= {(xa; xp) | @ < BYU{(x3, %) | @ < bYU{(x}s 1) [a € {1,..., m}}

5(x) = {1 if x € {x1,x1}

0 others

v(t)=t, t€[0,1]

Ku-Yu Fan 29 /45
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By Proposition of Yamamoto's integral, we have

lm(X):Zn:<n_i+m>§m(i,n—i+m+l)

£ n—i
i=1
. /n+m—j
() —Jj+1).
3 ("0 )t mey
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Examples of Theorem(2)

Let us calculate A(/™(X)) using Theorem (2). First, using the
proposition of motivic iterated integral, it is easy to show the
formula

I™(0; {0}2,1,{0}2; 1) = (—1)*"! (i b> (™a+b+1),

and using (,’() = (’.;1) + (,’(:11) it is easy to show the formula

i<_1),-_k+1mrik<li> _ ((3;1'

k=0 m

Next, using the remark of coproduct to have

A(I™X)) = D Ay(I™(X)).

YCcX
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Examples of Theorem(2)

Motivic iterated integrals have the following property
I™(0;0;1) =1™(0;1;1) = I™(a; a1, ...,3x;3) = 0. (k >1)

Finally using Theorem (2), Proposition of Yamamoto's integral, and
property of Motivic iterated integrals to determine two types of Y,
which may have non-zero terms of Ay (/™(X)).

o Y17,' = {X,'7 e ,Xn+1,X{, e ,X,/n}.

(2] Y2J = {Xl,. . .,Xn+1,XJ{,.. . ,X,/n}.
Since in this case, the integral is MZVs, hence we can write the
formula of A(/™(X)) by two types of Y and in terms of MZVs

A(I™(X)) =1® I™(X) + 1°(X) ® 1

n+1 m+1
£ 3P @ (= 1)+ D (V) ® (¢ - 1)),
i=3 j=3
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By Proposition of Yamamoto's integral and the formula above we

have
a L (m—1+k a i~k m+k
/ (Yl,n+17i) = Z k / (01{0} 717{0} ;1)
k=0
B "~ m [m+k vkl (M .
_k_om—i—k( . >( 1) ik C*(m+i+1)

(i(—l)"k“mﬁk (k)) SGETESY
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Examples of Theorem(2)

Hence we get

A(™(X)) =1 "(X) + 19(X) ® 1

+i 1) ¢ (m+ i+ 1) ¢"(n — )
m—2

+ ) (1Y (n+ i+ 1)@ ¢™N(m— ).
j=0
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Examples of Theorem(1)

Let us consider the case
X ={X1, o Xny X1+, X}
== {(xa;xp) | @ < b} U {(x}, xp) | @ < b} U{(xa,%p) | a < b}

5(x) = 1if x € {x{,x5,x1,Xn}
0 others
v(t) =t, t €][0,1].

In other words,
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Examples of Theorem(1)

Let us calculate D3(/™(X)) using Theorem (1). For convenience
where we assume n > 5 and let §(xo) = 0,(x/, ;) = 1. First notice
that the irreducible elements in X3 only have four types

(1) Yl,m = {Xm7Xm+1aXm+2}-
Q@ Y2m = {Xp; Xm: Xmt1}-
QO YVsm= {X;n7xyln+1axm+1}'

S S AN /
o Y47m - {Xm’Xm+1’Xm+2}'
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Thus, by Theorem (1) and the proposition of motivic iterated
integrals we have

Ds(1(X))

= /([xo;x{)(yl,l) ® Im(X(xo,Yl 1.x )) + /(Xo ) (Y21) @ /m(X(X07@7Xé))
+ /([x{,xg)(y2,2) ® Im(X(X{,@,Xé)) + /(x'-X4)(Y2 2) ® I"‘(X(XL@’X“))
F gy (Y31) @ "X Fr100)) [y (Y32) © (X Vazma)
g aing ) (V) @ (X e )

oo (V) @My v )
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Theorem (Hirose, Murahara, and Onozuka)

If k is an admissible index such that k(i,j) = k(i + 1,j + 1) for all
(i,)),(i+1,j4+ 1) €\, then the SMZV ((k) has Yamamoto's
integral expression, i.e. we have

k] ke

where I; is the number of k;'s.
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By Theorem above, we have
Cm< nl > =" />

Therefore, our formula gives a cocation formula for the Schur MZV
on the left-hand side.

—
>
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Proposition

n 2
G =1(A )= > (th> ke, s kn),
ki+--+kn=2n \i=1
kit dky <2r

where

i—1
hi=2i—1-) ki
j=1

Example (n=4, coefficient of ((1,2,1,3))

hi =3
C(1>27133):I</> hj =2 ﬁj_\
hi=1

iml = -
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where k = (ki, ..., kqg).

Example (d=4, (*(5,4,3,2))

¢*(5,4,3,2) = ((2)C(3)¢(4)¢(5) — ¢(2,3)¢(4)¢(5)
— ¢(2)¢(3,4)¢(5) — ¢(2)¢(3)¢(4,5) + ¢(2,3,4)¢(5)
+ C(Qv 3)C(47 5) + <(2)C(37 47 5) - C(Qv 37 47 5)
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