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Multiple zeta values(MZVs)

Definition (Multiple zeta values)

® ki,...,kg e N kg >1
d

Clkayoka) = > Hlk

0<m<--<ngi=1 i

Definition (lterated integral)

® 30,31, ..,3k, dk+1 € {0,1}

® wo(t) = %,wl(t) = t‘i—tl

k
I(ag; a1, ..., ak; ak+1) ::/ Hwaj(tj)
a

o<ty <. <tp<akt1 j=1

Remark (iterated integral expression of MZVs)

C(ki,y ..., kq) = (_1)d/(0; 1, {0}k1—17 oL {O}kd—l; 1)
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Hopf algebra structure

Definition (Hopf algebra for MZVs)
o X = {xp,x1}
e Q(X) := non-commutative polynomial algebra generated by X
(Q(X), w1, A) : Hopf algebra with shuffle product for integral

e YV ={y,|neN}
e Q(Y) := non-commutative polynomial algebra generated by )
(Q(Y), *,A) : Hopf algebra with stuffle product for series

Remark (correspondence between integral and series)

Yny © o Yn, _5—> X1X€1_1-~-x1x(’;’_1
b . 1 ! 1
Z:0<m1<~-<m, ITi- P 1(0;1,{0}==% ... 1,{0}" ;1)

™ = =
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The arborifications

© total order
X1 <Xp X3 <" <Xp_2 =X Xp—1 < Xp
Q ladder tree
*r—o—0 r—o—0
© rooted tree
@ partial order
C < Xe
Xc
DR R
Xd
- < Xg

V.
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Rooted trees

Example (Rooted trees)

An example of (non-planar) rooted tree with |V/(T)| = 4

SV

An example of planar rooted tree with |V(T)| =

Qif\ﬁkr

B WD =
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Rooted forests

Example (Rooted forests)
An example of (non-planar) rooted forest with |V(T)| =3

re re r.r

LYY

An example of planar rooted forest with |V/(T)| =3

ro1 r:l  r:1 rilor:l
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‘D-decoration

Definition

Let D be a set. A D-decorated rooted tree (resp. forest) is a rooted
tree D (resp. forest Fp) together with a decoration map dp (resp. dr,)
from the vertex set V(D) (resp. V(Fp)) to D, where D is X = {xp, x1},

Y ={yn|neN}

Example (X-decorated rooted tree with opposite tree order)

X0 X0
»+ ~
X0 X1 _— Xo X1
»+ ~ ~

X1 X1 X1 X1 X1 X1

Ku-Yu Fan 11 /27



Multiple zeta values The arborifications MV n's question (2020)
00000800

Arborified multiple zeta values of the first kind

Definition

Arborified multiple zeta values of the first kind are multiple zeta
values associated with a )-decorated rooted tree Y (resp. forest),
defined as the harmonic series associated to the triple (V(Y), Xy, dy).

M= > 11

n,EN veV( Y)
ny<n, if u<yv

where k, is the integer n such that dy(v) = y,.

¢ ///@\\\ = ((1,3,2) + ¢(3.1,2) + ¢(4,2)
Y1 y3

Ku-Yu Fan 12 /27




Multiple zeta v s The arborifications
00000080

Arborified multiple zeta values of the second kind

Definition

Arborified multiple zeta values of the second kind are multiple zeta
values associated with a X’-decorated rooted tree X (resp. forest),
defined as Yamamoto's integral associated to the triple (V/(X), <x, dx).

¢X) = I(X /A( me

VGV

where A(X) = {t = (t,)vev(x) € (O, VX |t, < t, if u=<x v},

on(t) = 77WX1(t) = % )
¢ . = /(0;1,1,0;1) + /(0;1,1,0;1) = 2¢(1,2)
X1 X1
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Hopf algebra structure

Definition (Butcher-Connes-Kreimer Hopf algebra)
@ D: set

o TP (resp. TPP) : set of non-empty D-decorated (resp. planar)
rooted trees

o Q[TP] (resp. Q(TFP)) : commutative (resp. non-commutative)
polynomial algebra generated by 77 (resp. 7FP)

o Hiek = (QITP], 7w, A) (resp. HiEex = (QTPP),m,A)) : (resp.
non-commutative) BCK Hopf algebra of D-decorated (resp. planar)
rooted tree

Hiex = (QIT¥],w, A) (resp. Hiyex = (Q(TFY),w, A))
HBCK (Q[T™], %, A) (resp. HZ)B}CK = (Q<7'Py>v *, A))
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Manchon's question

Based on Foissy's work, Manchon introduced the simple arborification ax
and the contracting arborification ay, which are Hopf algebra morphisms.

Manchon posed the question to find a natural map s’ with respect to
the tree structures, which makes the following diagram commutative.

7
Nz g X
HBCK HBCK

Q) —— Q(x)
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Manchon's question

Definition (ladder tree section)

® Xmg ® Yns

I ma resp. Ly (Yny Yna -+ Yne) I V2
X,-n1 yn1

Cx (Ximy Ximy * ** X, )

Answer (Manchon)

s’ ={(yos0 ay : Non-natural map makes diagram commute.

HY LT> HX
BCK BCK

Q) —— Q(x)
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Clavier's attempt

Example (natural map)

s /y\ =
Ya Ye X0

xosoay(eyn) =Lxos(yn) = Lx(xixg t) = n[xo =5" (e yn)

X1
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Clavier's attempt

Theorem (Clavier, 2020)

Let F be a forest in Hy,. If ((F) converges, then we have

¢(sM(F)) < ¢(F).

Furthermore, the equality holds if, and only if, F is a ladder forest.

Answer (Clavier)
T

e 5’ := 5" : Natural map makes diagram non-commute.

-
Y S X
HBCK HBCK

Q(Y) —— Q(x)
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Lift of Manchon's question

Based on Foissy's work, we generalize our setting to the case of planar
rooted trees.

Definition

The natural projection from NBCK Hopf algebra HiE- = Q(TFP) to
BCK Hopf algebra HE« = Q[T ] by removing the total order relation is
denoted by ap, which is an algebra morphism.

The lifting map apx,{px,s™V,aPY, py are defined by such that the
following diagram commutative.

PN
P s px
ey Hidex > Hypck lpx

apy . l \L N apx
ay ax
N

Q) < HYe —— HE e —2= Q(X)
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Main theorem

@ Y : Y-decorated planar rooted tree

@ Jy : decoration map, a map from V(Y) to Y

o Ye : error term of Y, an element in HrYc

o pr(Y) : process tree of Y, a Hp % -decorated planar rooted tree

The linear map ¢ : Hi%c — Hivbex is defined by

s =Y+ Y. (am)°.

veV(pr(Y))

The map s”7 is defined by

sPT(Y) = PV o (V).
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Main theorem

The following diagram is commutative.
P
Hier
¢ 5PN

p PT
Hunsek Hiack
apy apx

Q) . Q(X)
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Answer to Manchon's question

Corollary (F.)

Let By be the section of &y. The following diagram is commutative.
P
Hider
PT
Hibex . Hivdex
Tﬁy Gx \L
@y | Hycx al Hick | e
lay "~ \L
Q) . Q(x)
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Thank you for your attention!
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