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Overview o ization of Bernoulli numbers
0@000

Furusho and Jarossay's work

For any r-tuple (n;), of positive integers, the family

(P=F Ly (1) (™) ()i )

pPEP:
is expressed as
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p-adic L-functions = Z(a variant of CMBNs) x.(CMHVs)

Ku-Yu Fan p-adic multiple L-functions and TMBNs

5/33




Overview G ization of Bernoulli numbers i Itiple L-functions
00@00 [

Furusho, Komori, Matsumoto, and Tsumura’s work

Let &, ...,& € C be roots of unity and v, ...,7, € C with
Ry; >0 (1 <j <r). Assume that

& #Lforallj(1<j<r).

Then, with the above notation, the generalized Euler—Zagier—Lerch type
complex multiple zeta functions (.((s;); (&); (7)) can be analytically
continued to C" as an entire function in (s;). For ny,...,n, € Ny,

Cr((=m)i (&); (7)) = (1) ™ B((m); (671); (37)-

zeta functions of (—n;) = TMBNs of (n;)
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Overview
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My work

The following formula holds for every |, €.

1761

e=(er)r €{0} x {0,1}—1 V1<i<j<r me ; €Ny i1=0
me1,1<h
Me.1,r++Mme, <l
r

(—1) 2k (etic) H(Hk—1 + ije) iz Mesk
k=1

k=1

Bl((fli)r;(ef)r;(ni)'_l) = Z Z Z o

n of Bernoulli numbers c multiple L-functions e of depth one

l1—e

ir=0

%(lrme,x,xoez-~~0e,/ﬁ(2,;1 me,,-,,))(el_l(l — ) @ 00 B, G — @)
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(a variant of CMBNs) = > (TMBNs)
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Overview
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Main theorem

p-adic L-functions

= (a variant of CMBNs) x (CMHVs) [FJ]
= (TMBNs) x (CMHVs) (F.)
:Z complex zeta functions) x (CMHVs) [FKMT]

For any n € N, the family
(P"Lpa(nw™"1; C))pEPC

is expressed as

£ 5 ()t e

=0 eepc\{1}
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Generalization of Bernoulli numbers
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Generalization of Bernoulli numbers adic multiple L-functions
0000000 © o

Twisted Bernoulli numbers and Bernoulli numbers

Definition
For any root of unity &, we define the twisted Bernoulli numbers by
HEE) = e = 3 Bol6)
1 —get S

n=—1
where we formally let (—1)! = 1.

In the case £ =1, we have

B
B_1(1) = ~1, Bo(1) = —— ++11 (n € Np).

In the case & # 1, we have

_ 1 _ g _s(E+1)
=1 ¢ B1(¢) = a=o2 B,(£) = [(E=rIEA
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Generalization of Bernoulli numbers multiple L-functions of depth one References
00®0000 500000 ‘ A

Twisted multiple Bernoulli numbers (TMBNs)

Definition
Let reN, 71,...,7 € Cand let &,...,& € C\ {1} be roots of unity.
Set
r r r 1

()6 03) = [T (v,- (kZ rk) ;sj) ~Ui—gmtrsh
and define twisted multiple Bernoulli numbers B((n;); (&); (v;)) for
(nj) € Z5, by

(80 (&) () = D -+ D0 Bllm)i (&) ()5 -+ -

ny=0 n,=0 re
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Generalization of Bernoulli numbers i Itiple L-functions
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Generalized Euler-Zagier-Lerch type multiple zeta-function

Definition

Let &1,...,& € C be roots of unity. For v1,...,v, € C with Rv; >0
(1 <j <r), where R means the real part of the complex number. The
multiple zeta-function of the generalized Euler-Zagier-Lerch type is
defined by

&) =3 S M s

my=1 m,=1 j=1

m;
J

S+ myy;)’

which is absolutely convergent in the region

Dy = {(s1,--,5) € C'|R(sr—ks1+--+5) > k (L < k <)}

Ku-Yu Fan p-adic multiple L-functions and TMBNSs 12 /33



Generalization of Bernoulli numbers multiple L-functions of depth one References
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Thecase yy =--- =7, =1

Let &1, ...,& € C be roots of unity and 1, ...,~, € C with
Rv; >0 (1 <j < r). Assume that

& #Lforallj(1<j<r).

Then, with the above notation, (.((s;); (&) (7)) can be analytically
continued to C" as an entire function in (s;). For n1,...,n, € Ny,

Gr((=m)i (&§): (7)) = (=1)F ™ B((m); (§71); ()-

In the case r = 1, we have B(n; &;1) = B,(€). In the general case, we
use the notation B, ((&)) == B((n;)r: (§)r: (1)) when
v =--- =7, = 1. Hence, we have

Gr((=ny)i (§): (1)) = (1) B ((§71)0)-
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Generalization of Bernoulli numbers ic multiple L-functions
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Cyclotomic multiple harmonic sums (CMHSs)

Let

¢ € Zy NN>a, (1) = (h, ..., ;) € N5,
(6,’),:(61,...,6r)€,u£’ hEN’

(ni)r—l = (’ila BERE) nr—l) € N()_l-

We define the variant of cyclotomic multiple harmonic sums as
Ster)e_,h ()13 (€0)r) =

s ) e

(u1,...,u)ENg, ua<h
Vi>2, ui—a1+ri—1h<u;
Vi>2, ui<ui—1+(ki—1+1)h

where we formally let 0° = 1.
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Generalization of Bernoulli numbers i ultiple L-functions
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Cyclotomic multiple Bernoulli numbers (CMBNs)

Let

c€Z; NNxy, ()r = (hy..., 1) € NG,
(ei)r:(€1a"'7€r)€:u£7 h€N7
(K1)r—1 = (K1, .-, k1) ENGTY, €€ pe,
1€{0,....h+---+ 1 +r}.

We define the variant of cyclotomic multiple Bernoulli numbers

1i)ri(€i)ri(Ki)r—
B ) ¢ )

by
1i)ri(€)ri(Ki)r—a
S(n,v),,l,h((li)r;(ei)r) = Z 31(7(5) (€i)ri(ri) )hlfh.

0<I<h+-+l+r
€N
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p-adic multiple L-functions
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p-adic multiple L-functions
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ion of Bernoulli numbers p-adic multiple L-functions
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p-adic multiple L-function

Definition
Fix a prime number p, we put Oc, to be the ring of integers of C,. Let
w:Og — OF be the Teichmiiller character, and let (x) = o6 for

x € Og . Set
p—1
/Z ,, f(x)dma(x) = lim_ ; f(a)m,(a+ pNZ,),
where m; is the measure defined by
z

m(j + p"Zp) = 1_ " 0<j<p"-1)

— P

for z € PY(Cp) with |z — 1], > 1.
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p-adic multiple L-functions
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p-adic multiple L-function

Definition (continued)

Let p be a prime number and (s;), be the element in the set
X(d) = {(s1,--,5,) €Ch | ], < d"p7 71 (1<j< )}

Let (ki) € Z", c € N5 which is prime to p, and

(Zp) ={Ca,--- . x) €Z, | ptxt, ptatx), .., ptat +x)}
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ion of Bernoulli numbers p-adic multiple L-functions
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p-adic multiple L-function

Definition (continued)

The p-adic multiple L-function is defined by

Lpr((si)ri (Wki)r; (1)ric) =

/ <X1>751<X1+X2>752"‘<X1+"'+Xr>7sr
(zg)

wh (3 )w* (31 4 x2) - wh (g + -+ 4 x) [ ] diive (%),
i=1

where M. is the measure defined by

Mme 1= Z me.

=1
€1
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ion of Bernoulli numbers p-adic multiple L-functions
000080

Expansion of special values ofp-adic multiple L-function

(P=F Lo ()i (™) (i) =

PEP:

> X 2. 2

I=(l), €Ng cEpc J=(P1,Pa,Ps)€E, E€pc
(ei)r€(p\{1})" (P2,3) —rj
[Tiep | — E=e

J

€ ]j <_/ln ) (IJ’€J7K/J Z 57) Frob’l.

M- =) i3 sen(T, )

This infinite sum of series whose terms are Q(jic)-linear combinations of
CMHVs with depth less than or equal to r and weight tending to infinity,
and whose convergence holds for the topology on [],.p Qp(kc) of the
uniform convergence with respect to p € P..
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ion of Bernoulli numbers p-adic multiple L-functions
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Expansion of special values of p-adic multiple L-function

(p27:1 "L (1) (W) (1) C)) =

pEPe
|—(§6N0 ez:uc (Pl,/;/v;)eE H (1-e ;11( h )
(€)r (uc\{l})'
- 1=y

Z Z .. Z ( )ﬁ(Pz)Jer ('k+/J k)

(e,-)n(p2)€{0}><{0,1}W32)_1 =0 ig(Pp)=0

Ca(P)-52i% e <(*’J»1°ez"'0ew2> ~lip(pa))i

k=1

(€s,1(1 = €1) 0y -+ Oeyqpy) €11(P) (L = eu(Pz))))

#(P2) — (%, k—1+ik)
Ry SEA(T,.))

Frob71
0 (P2,3) ”/,' Z f') :
Iljep,

BT
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The case of depth one
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The case of depth one
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ion of Bernoulli numbers ic multiple L-functions The case of depth one
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TBNs and CBNs

Example (The case r = 1)
For any root of unity &, TBNs is defined by

H(t: &) = Eet Z B,(&1) tn~

Let c € Z; NN>,. Forany i € Ny, €1 € pic, and h € N, CHSs is defined

by
SQ) h /1 61 Z Giul ll
u; =0

For any € € uc and [ € {0,..., 1 + 1}, CBNs is defined by

h+1
8@ h /1 61 Z B ll il hlfh.

EENC
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ization of Bernoulli numbers ic multiple L-functions The case of depth one References
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Key lemma

Lemma (The case r = 1)

Let ce Z; NN, ¢ > 2. Put h € Ny be a non-negative integer and
€1 € Lhc. Then the followmg formula

h+1
J€1, —_ / —
B = B, ()dea010 — D <ll/>%/1—/'(€1 ") 1011

I’'=0

holds for every &.

Consider the following generating function with coefficient Sy 5(/; €1)

oo h—1
ZS@ h(ll 61 Z Z Giul U1t °

=0 u;=0
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ultiple L-functions The case of depth one

on of Bernoulli numbers
000@00000

Proof (continued).

For convenience, we let ; =/, uy = u, and efl =£,
oo h—1 /
o ut
F(t) :Zzg (/l)
/=0 u=0 :
h—1 0o
(ut)!
=2 &>
u=0 =0 It
h—1
:Zé-ueut
u=0
h—1
— (6 t)u _ 1- (get)h
u=0 1- fet
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Generalization of Bernoulli numbers P

Key lemma

Proof (continued).

By definition of TBNs, we obtain

The case of depth one

multiple L-functions
o 000080000

_ (£at)h
= = (et
00 h / oo n
_ <1 €,,Izg(t‘“)) (;ms)il)
oo n s I > "
- Smof- (e 50n) (£ 00f)
_ Z %m(g)%ml_gh Z Z hl%n(f)%

m=—1

m=—1[4+n=m

R
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Generalization of Bernoulli numbers p multiple L-functions The case of depth one R

00000e000

Fi)= Y a5 e 3 3w
m=—1 ’ m=—1 [+n=m
%) - oo m+l £m
- Zl%m(g)fn!_gh leh%m l /)|
m=— m=— 0
:i%(g)g—f"infh% ()tm
m=—1 " m! m=—1 [=0 " l !
_ oo ~ hm+1 - / L
S Bm(©)-"> ;B () | —
m=— 1=0
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Ili numbers

Key lemma

Proof (continued).

By comparing the coefficients, we have

h+1

Sonlhie) = B(eh) =

1=0
By comparing the coefficients, we obtain

h+1
B = 2, (71)0eado — Y
1'=0

where § is the Kronecker delta.

The case of depth one
000000800

I} 1y
(;)%/1/(61 1)61 h!,

h
//

(

>%/1/'(611)55,61—15/,/',
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ic multiple L-functions The case of depth one
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The theorem of [FJ] and the theorem of [FKMT]

Theorem (The case r = 1)

(p"Lp (n,w™",1, C))PGPC =

1=0 €1EMC\{1}§EHC

S T S s

1

Theorem (The case r = 1)

((m &1) = (=1)"Bu(¢7Y).
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Generalization of Bernoulli numbers adic multiple L-functions The case of depth one
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Main theorem

Theorem (The case r = 1)

(p”L (n w "1, C))pePc =

R

Z > ( ) 1) (<he 1) H(n+ e )b

=0 eep\{1}

By the theorems of [FJ] and [FKMT] and the key lemma, we obtain

(p"Lp (mw™",1,¢)) ep. = i (_/n)

=0 ex€pc\{1} £€uc
_ _ 1\ Frob —
(D¢ Doen — (D)L Hi Do) 9 (n+ L t) ™
O
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