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Multiple zeta values

Definition

For r € N, an r-tuple (ki,..., k) in N is called an positive integer
index and denoted by k. For r = 0, the O-tuple is an positive integer
index defined as ().

Definition

The positive integer indices (ki, ..., k;) is called admissible if k, > 1.

Definition

For admissible positive integer indices (ki, ..., k,), multiple zeta values
are the real numbers defined by

C(k)zg(kl,,kr) = Z %

.. r
0<m<---<n, '1 nr
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Multiple zeta values

When k = (k), multiple zeta values ((k) are special values of the
Riemann zeta function.

For positive integer indices (ki, ..., k) with k, = 1, the series

1
Z P

0<m<---<n, - nr

will diverge. Although it diverges, one can define multiple zeta values

through regularization and prove that it is compatible with double shuffle
relations.

How about if the positive integer indices of this series are integer indices?
Will it diverge or converge?
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Integer indices

Definition
For r € N, an r-tuple (ki,..., k;) in Z" is called an integer index and
denoted by k. For r = 0, the O-tuple is an integer index defined as 0.

Definition
For an integer index k = (ki,..., k) €Z",
o the weight of k is defined by wt(k) = ki + - - + k;,
o the depth of k is defined by dep(k) == r,
e the tail index of k is defined by k; := (ke,..., k) € Z'~t+1, where

t=1,...,r.
Definition
For two integer indices k = (ki,..., k) € Z" and
k' = (k{,...,kl,) € Z", we define the concatenation of k, k' to be

(Kiy... ke, Kl ... k) € Z'*"" and denote it by (k, k’).
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Integer indices

Definition

For an integer index k = (ki, ..., k) € Z", we define the regularizability
index my of k by

my = min {wt(k;) — dep(k¢) |t =1,...,r}

:min{i(k;—1)|t:17...,r}.

i=t

For k = (), we define my = co.
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Admissible and regularizable

Definition

An integer index k = (ki,..., k) € Z" is called admissible if m, > 0, is
called regularizable if my > 0.

For a positive integer index k = (ki,..., k) € N', it is admissible if and
only if k, > 1, and it is always regularizable.

Proposition (F.)

For an integer index k = (k, ..., k;) € Z", it is admissible if and only if
the series

C(k) =C(keyonk) = Y %

0<m<--<n, M "7 Nr

converge, and it is regularizable if and only if one can define multiple zeta
values through regularization.

= = = — -
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Example

Let kK = (a, b) be an integer index. Then,
wt(k) = a+ b, dep(k) =2,
ki =k = (a,b), ko = (b),
mg = min{a+b—2,b—1}.

This implies k is admissible if a4+ b —2,b —1 > 0 and is regularizable if
a+b—-2,b—12>0.
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Admissible and regularizable

Definition

The set of (resp. positive) integer indices Z (resp. Zso) is defined by

Z= |_| Z" (resp. Isq = |_| 7).

rEZZO YGZZQ

Definition

The set of admissible (resp. positive) integer indices Z2M™ (resp. Z23™)
is defined by

77 = [k € I|my > 0} (resp. Z24™ = {k € Z~o|mi > 0}).

The set of regularizable (resp. positive) integer indices 78 (resp. Z5§)
is defined by

77 = {k € Z|my > 0} (resp. Z1§ = {k € Zso|mi > 0}).

Ku-Yu Fan p-adic MZVs and DSRs for integer indices 11/46



MZVs and indices
0O0000000e

Admissible and regularizable

Definition

Let > be an element in the formal Q-linear space spang{Z}. We define
the support Supp(X) of X to be the set of integer indices satisfying

Y = Z cxk

kESupp(X)

with ¢x € Q \ {0}

Definition

Let X be an element in the formal Q-linear space spang{Z}. We define
the regularizability index my of ¥ by

my = min {my |k € Supp(X) }.
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Multiple polylogarithms

Definition

Let k = (k1,...,k:) € Z" be an integer index. The (single variable)
multiple polylogarithms are the power series defined by

nr

q V4
Lik,,...k (2) = Z Tk

. r
0<m<---<n, m nr

where z is a complex number.

Definition

We consider the following Q-linear spaces of multiple polylogarithms:
Q MPLAY™ = spang {Lix(2) |k € 724 } c Q[2].
Q@ MPL.o = spang {Lix(z) |k € Tso(=I5F) } € Q[2].
Q@ MPpL™ = spang {Lix(z) |k € 2™ } c Q[z].
Q@ MPL™ = spang {Lik(z) |k € Z*¢ } C Q[Z].

— = - = -
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The proposition for MPLs

Proposition (F.)
The following equalities hold:
@ MPLIG = MPLX™.
Q@ MPLo(= MPLEE) = MPL™E.
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Faulhaber's formula

We denote by B; be the Bernoulli numbers given by

We note B; = —

N[=

Let k be a non-negative integer.

k
1 k+1 )
k k+1—i
= B; — dko0-
] k+1§< ,- ) m o

m—1

n=1
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Proof of the proposition

Proof-Example.

Let k = (a, b) be an admissible integer index, i.e., a+ b—2,b—1> 0.
We prove the multiple polylogarithm Lix(z) € MPL*M™ belongs to
MPLX™ If a>0,b > 1, then Lig(z) € MPLX™ If a<0,b > 1,
then by Faulhaber’s formula we obtain

—a

. 1 a+1 adm
le(Z) = ot 1 Z ( ; )B Lla+b 1+,(Z) 5_30 le(Z) € MPL: d .
i=0

One can inductively use Faulhaber’s formula to prove this
proposition. O
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Positive-index map

Definition

The positive-index map is a Q-linear map
7t spang{ZT*M™} — spang {Z34™} (resp. spang{Z™8} — spang{Z-F})
defined by
7T+(k) = Z Ckyll,
I

where the positive integer indices I and the coefficients ¢, € Q\ {0} are
uniquely obtained step by step through the inductive argument.

V.

Let k = (a, b) be an admissible integer index. If 2 < 0,b > 1, then

1 — —a -+ 1
f— . — [ p—
T (k) = 2 1 igo ( ; )B,(a—i— b 1+ I) 573,0(13)-

™ = = =
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Positive-index map

Actually, the positive-index map can be extended to spanQ{I}, that is,
7t spang{Z} — spang{Z}, (k) = Z kil
I

where the integer indices

le {0tu | | 25" X Zom,

réZso

and the coefficients ¢y € Q \ {0} are obtained step by step through the
same inductive argument. For integer indices k € Z, we have the identity

Lik(Z) = Z Ck,I Li/(Z) € Q[[Zﬂ

I€Supp(7t(k))
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Shuffle product and MZVs

Let ay,...,ax € {0,1} with a; = 1,3, = 0. The iterated integral is
defined by

k

I(al,...,ak):/ H
o<ty < <t<1l:

Jj=1

Multiple zeta values admit the iterated integral expression

(=1)¥dy;
tj — aj ’

C(ki, ... kg) =1(1,0,---,0,...,1,0,---,0).
—— ——

ki—1 times kg—1 times

¢(4) =1(1,0,0,0), ¢(2,3)=1(1,0,1,0,0).
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Shuffle product and MZVs

Using the iterated integral expression
Cki,. .. kq) = 1(0; 1, {0} ... 1,{0}%"1;1)

to calculate

¢(2) x ¢(2) =I(1,0) x I(1,0)

,f G5 @ f dyy_ dvp
T Jo<x<xp<l X1 X X 0<y <yp<1 1171 »2

:fo<x1<x2<y1<y2<1 Xfillm% +t f0<y1<y2<x1<x2<1 yfy*llm%

=I(1,0,1,0) + /(1,1,0,0) + /(1,1,0,0) + /(1,1,0,0)
+1(1,1,0,0) + /(1,0,1,0)

=2¢(2,2) + 4¢(1,3)
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Shuffle product for integer indices

We recall the shuffle product for integer indices introduced by
Ebrahimi-Fard, Manchon, and Singer.

Definition

Let X be the alphabet {j, d,y}, and let W denote the set of words on
the alphabet X, subject to the rule jd = dj = 1, where 1 denotes the
empty word. For an integer index k = (ky,..., k) € Z", we define

we = j5y - jRy

to be the corresponding word. Conversely for w = jky ... jky, we
define
K = (ki k)

to be the corresponding integer index.

We have a one-to-one correspondence between the set Wy and the set 7.

=
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Shuffle product for integer indices

Definition ([Ebrahimi-Fard, Manchon, Singer])

We define the shuffle product by 1 liw = w 1 1 = w for any word
w € Wy, and recursively with respect to the sum of the lengths of two
words in Wy:

Q ywwvi=uwyv:=y(uwv),
Q julljv = j(uwjv) +j(juwv),
Q dulidv :=d(uwdv)— uw d?v,
Q duvwjv =d(uwjv)—ully,
Q juidv =d(juwv)—uwv.

Definition

Let k, k' € T be two integer indices. We define the shuffle product for
integer indices by

KWk = Ky,
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Shuffle product for integer indices

The corresponding words of (1, —1),(—1,1) are dyjy, jydy, and

dyjy LW jydy
=d(yjy W jydy) — yjy W ydy by 4
=dy (jy W jydy) — yy(jy w dy) by 1
=dy(j(y w jydy) + j(jy w ydy)) — yy(jy w dy) by 2
=dy (jyjydy + jy(jy W dy)) — yy(jy W dy) by 1
=dyjyjydy + dyjy(d(y Wy) —ywy) —yy(d(y Wy) —yLy) by5
=dyjyjydy + dyjydyjy — dyjyyy — yydyjy + yyyy. by 1

Hence, the shuffle product (1, —1) w (—1,1) of them is

(-1,1,1,—-1) +(1,-1,1,—1) — (0,0,1,—1) — (1,—1,0,0) -+ (0,0, 0, 0).
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Positive-index map and shuffle product

Is this diagram commutative?

spang {Z°™} x spang {Z*™} ——— spang {Z°™}

tent ot

o spang {Z23"} x spang {723} ——=— spang {72
®

~

¢ ¢

RxR

Equivalently, is the positive-index map 7™ is an algebra homomorphism
between the shuffle algebra?
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Positive-index map and shuffle product

Proposition (F.)

Let k, k' be two integer indices. Then,

Mgk = min{mg, mg:, mg + myg: }.

Proof sketch.

By induction on the sum of the lengths of wy and wy/, we check all
recursion conditions in the definition of the shuffle product by considering
cases according to the comparison between the index and 0. O

m(1,—1)w(-1,1) =M(-1,1,1,—-1)+(1,—1,1,—1)—(0,0,1,—1)—(1,—1,0,0)-+(0,0,0,0)
=min{—4, -4, —4 —4 —4} = —4

min{m(l,,l), m(,l_’]_), m(]_y,]_) + m(,l’l)} = min{—2, —27 —4} =4

™ =
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Positive-index map and shuffle product

Corollary (F.)

The space spang{Z*™} (resp. spang{Z™°¢}) of admissible (resp.
regularizable) integer indices is a Q-subalgebra of (spang{Z}, LU).

Let k, k" be two admissible (resp. regularizable) integer indices. By the
proposition, we have

Mgk = min{my, mys, me + my > 0 (resp. > 0).

This shows that it is closed under the shuffle product, hence we have a
subalgebra of (spang{Z}, ). O
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Positive-index map and shuffle product

Let

spanQ{Iadm} = (span@{l'adm}, L), spanQ{Ii%m} = (SpanQ{Ii%m}, L)
be the Q-algebra with shuffle product L. Then, the positive-index map
adm

at: spanQ{Iadm} — spang{Z%

is a Q-algebra homomorphism, that is,

Wo(rt @nt)=n" oL,

Proof sketch.

We show the general formula below by induction on the sum of the
lengths of wy and wy.

mtoWo(rt @n") =7t ow : spang{Z} x spang{Z} — spany{Z}. O
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Stuffle product and MZVs

Using the series expression

1
C(kl,...7kd): Z ﬁ

0<m<-—<ng M """ g
to calculate 1 1
C(z)XC(z)ZZ? x ZW
0<n o<m
1 1 1
- Z =22 Z 22 Z m2n2
0<n<m 0<n=m 0<m<n

=((2,2) +¢(4) +¢(2,2).

Double shuffle relation:

2¢(2,2) +¢(4) = ¢(2) x ¢(2) = 2¢(2,2) +4¢(1,3).
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Stuffle product for integer indices

We recall the stuffle product for integer indices.

Definition
We define the stuffle product

* 1 spang{Z} x spang{Z} — spang{Z}

recursively by:
Dxk=kx+x0=k

where k € 7 is an integer index, and for two integer indices
(k, k), (k', k') with k, k" € Z and k, k" € Z,

(k, k) (K K') == (k* (K, K'), k) + ((k, k) = k', K') + (k * k', k + K').
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)+ ((1,=1)* (=1), 1) + (1) * (1), -1 + 1)
( *(_1)71)+(_172)v_1)
),—1)+(1,-1,-1) +(1,-2),1)
(_171)+(0)’0)

(1, -1) +(=1,1) +(0),1) + (-1,2), 1)

( (-1,1) + (0), -1) + (1,—-1,-1) + (1,-2),1)

( (—1,1,0) +(0,0)
-1,1,1,-1)+(1,-1,1,-1) + (-1,1,1,-1) + (0,1, -1)
(-1,2,-1)+(1,-1,-1,1) + (-1,1,-1,1) +(1,-1,-1,1)
(0,-1,1) +(1,-2,1) +(1,-1,0) + (—1,1,0) + (0, 0).
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Positive-index map and stuffle product

Is this diagram commutative?

spang {Z*™} x spang {Z*™} —— spang {Z°™}

tent ot

o spang {Z23"} x spang {723} —— spang {72
®

~

¢ ¢

RxR

Equivalently, is the positive-index map 7™ is an algebra homomorphism
between the stuffle algebra?
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Positive-index map and stuffle product

Proposition (F.)

Let k, k' be two integer indices. Then,

Mk’ = MIN{ My, My, Mg+ My }.

Proof sketch.

By induction on the sum of the depth of k and k’, we check the
recursion condition in the definition of the stuffle product. [

mM(1,—1)%(—1,1)
=min{—4,—4,—4,-3,-3,—4 —4 —4 -3, -3, —-3,-3, —2} =—4

min{mq, _1y, M—1,1), Ma,—1) + M—1,1)} = Min{—2, -2, -4} = —4

= — -
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Positive-index map and stuffle product

Corollary (F.)

The space spang{Z*™} (resp. spang{Z™°¢}) of admissible (resp.
regularizable) integer indices is a Q-subalgebra of (spang{Z}, *).

Let k, k" be two admissible (resp. regularizable) integer indices. By the
proposition, we have

Misir = min{mg, mgr, mg + mg:} > 0 (resp. > 0).

This shows that it is closed under the shuffle product, hence we have a
subalgebra of (spang{Z}, *). O
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Positive-index map and stuffle product

Let

span@{Iadm} = (span@{Iadm}, *),spanQ{Ii%m = (spanQ{Ii%m ) %)

be the Q-algebra with stuffle product . Then, the positive-index map
at: spanQ{Iadm} — spanQ{Ii%m

is a Q-algebra homomorphism, that is,

xo(nt@at)=ntox.

Proof sketch.

By induction on the sum of the depth of k and k', we check the
recursion condition in the definition of the stuffle product. [
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p-adic (single variable) multiple polylogarithms

Definition

Fix a prime p. For an admissible positive integer index

k = (ki,..., k) € ZL,, the p-adic (single variable) multiple
polylogarithms are defined by the following series

n

L k@)= Y e cQld

kr
0<m<:-<n, '1 nr

Let k = (ki,..., k) € Z" be an admissible integer index. Let 7" be the
positive-index map. Then,

Lif(z)= > aulif(2)

I€Supp (7t (k))

holds for the coefficients ¢,y € Q \ {0}.
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p-adic multiple zeta values

Definition ([Furusho])

Let k = (ku,..., k) € ZL, be an admissible positive integer index. The
p-adic multiple zeta values are defined by the following specific limit

CP(klv ) kr) = Z“Lnll Liil,...,k,(z) € QP'

Let k = (ki,...,k;) € Z" be an admissible integer index. We define the
p-adic multiple zeta value (,(k1, ..., k,) for an integer index by
Cp(kla ce kr) = Zli_r>n1, LIZ(Z)
_ C TP )
= > lim"Liy(z) = > Gl €Qp,
I€Supp(nt(k)) I€Supp(nt(k))
where 7T is the positive-index map.
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Double shuffle for p-adic MZVs of positive integer indices

We consider the Q-linear map
Cp span@{Iadm} — Qp

defined by k — (,(k).

Remark ([Besser, Furusho], [Furusho, Jafari])

The p-adic multiple zeta values for admissible positive integer indices
satisfy the double shuffle relation, that is, the Q-linear map (, is the
Q-algebra homomorphism with respect to the shuffle product LL

G ¢ (spang {Z35"}, w) — Qp

and is the Q-algebra homomorphism with respect to the stuffle product

©F (spanQ{I;%m %) = Qp.
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Double shuffle for p-adic MZVs of integer indices

Proposition (F.)

Let (spang {Z*¥™}, L) be the Q-algebra of admissible integer indices.
Then, the linear map

Go span@{Iadm} — Qp

is a Q-algebra homomorphism, i.e., (,(k L k") = (,(k)Cp(K').

Proposition (F.)

Let (spang {Z*¥™}, %) be the Q-algebra of admissible integer indices.
Then, the linear map

Gs ¢ spanQ{Iadm} — Q,

is a Q-algebra homomorphism, i.e., (p(k * k') = (,(k)(p(K').
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Double shuffle for p-adic MZVs of integer indices

The composition of algebra homomorphism ¢, and 7 is still an algebra
homomorphism. O

Let k, k' be admissible integer indices. The p-adic multiple zeta values at
integer indices satisfy the double shuffle relation, that is,

Cp(k L kl) = Cp(k)CP(k/) = Cp(k * k/)-

By the two propositions above, one can see that

Co(k)Co(k') = Colk W k') and (p(k)Cp(K') = Cp(k * k).
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For admissible integer indices (a) and (b, ¢) with b < 0, we have

Gl@wbe) =3 ( ¥ ") Colbye—iat it
i=0
min{a—i—1,—b}

i=0 j=0
—b—a+i d
, —b—1—
_1 a—I _F b _ . .
+(=1) Eﬂ <a_i_1)@(b +a—itj,c+i)

where we formally let (") = 8,1 and

Gp((a) * (b, c))
:Cp(bv c, a) + Cp(b7 a, C) =+ CP(37 b, C) + Cp(a + b, C) + Cp(b’ a

Z(CTI) > (1Y'<_Jb><p(affvb+f’”")

)

+ ¢).

V
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Thank you for your attention!




	MZVs and indices
	Multiple polylogarithms
	Shuffle product
	Stuffle product
	p-adic multiple zeta values

