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Background and motivation
0000000

p-adic multiple L-functions

Furusho, Komori, Matsumoto, and Tsumura introduced the p-adic
multiple L-functions

Lo ((si)rs (wki)r? (1)ric) =
/ ()t x) R a At )T
(zy)
wh (xl)wk2 (1 +x2) - -wk’(X1 +- 4 x) H dime(x;),
i=1

which are multivariable analogues of the Kubota-Leopoldt p-adic
L-functions L,(s;w*). For the precise definition, see the Appendix.
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Work of Furusho and Jarossay

Furusho and Jarossay studied the special values of the p-adic multiple
L-functions and proved the following theorem.

Theorem (Furusho—Jarossay, 2020)

For any r-tuple (n;), of positive integers, the family

(pz,;l "L, ((n)ri (W) (1)1 C))

PEP:

is expressed as

> X 2 2

I=(/;)-€Ng €€ 1 J=(Py,P>,P3)EE, =
e ) ety ™™ > "
HjEP; ( 4 < ) E=e¢
€ r —n; (Iy,€5,6) Frop1
—_ Blsesny | .
Mo il ( ; ) 0c” ™ D0 Hw(ha)
- i=1 SeN(T,.))
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Work of Furusho and Jarossay

In the theorem on the previous slide, we use the following abbreviations:
@ pMLFVs denotes the special values of the p-adic multiple
L-functions L, ((nj)r; (w™"),; (1) ©).
o CMBNs denotes the cyclotomic multiple Bernoulli numbers

B(()I,_]ée_/,li_/).

o CMHVs denotes the cyclotomic multiple harmonic values $(w(l)s).
Thus, the theorem of Furusho and Jarossay can be written as

pMLFVs = “(CMBNs) x (CMHVs).

The CMBNs are introduced by Furusho and Jarossay in their paper and
are the main objects of this talk.
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Cyclotomic multiple harmonic sums (CMHSs)
To define CMBNs, we recall the definition of CMHSs first.

Let

¢ € Zy NN>a, (1) = (h,..., ;) € N,
(6,’),:(61,...,6r)6u2’ hEN’

(Hi)r—l = (’ila ) nr—l) € N()_l-

We define the variant of cyclotomic multiple harmonic sums as
Ster)e—,h ()13 (€0)r) =

s ) e

(ug,...,ur)ENg, ug<h
Vi>2, ui_g+ki—1h<u;
Vi>2, ui<ui—1+(ki—1+1)h

where we formally let 0° = 1.

™ = — — =
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Cyclotomic multiple Bernoulli numbers (CMBNs)

Let
c € ZX NNss, (1), = (h,...,I,) € NE,
(ei)r = (€1,...,€) € L, heN,
(61)r—1 = (K1, k1) € NG, £ € e,
1€{0,....h+---+ 1 +r}.

We define the variant of cyclotomic multiple Bernoulli numbers
BI(’(gli)r?(Ei)H(Hi)rfl) c Q(Nc)

by
Ii)ri(€i)ri(Ki)r=a
Staya((B)ri(e)) = > BQAD D) pich,

0<I<htthtr
E€pc
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Recursive formula for CMBNs

Furusho and Jarossay provided the following recursive relation.
Sty h((B)r415 (€)r41) =

o AN 7 7
Z B/(f,ﬂ, r+1:0) <T> H /{(m_,_l)/ lg(m—t—l)h_,{/r /fmh}

0</Slrya+l
ISS7E
o<IK!

Xsﬁi)r 1/"((//)f 17/ +/ (5 ! 71€i)r)

r+1

B Z <r+1) r ,+1—I r+1h8(li, r . h((/")r717 /,— + f, (ei)r).

By substituting the expressions for the CMHSs into this identity and
comparing coefficients, one obtains a recurrence relation for the CMBNs.
Thus, the CMBNSs can be computed recursively, but the computation
becomes increasingly complicated as the depth r increases.

Therefore, the aim of this work is to find an explicit formula for the
CMBNSs in terms of the known quantities.
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Twisted Bernoulli numbers (TBNs)

Definition
For any root of unity &, we define the twisted Bernoulli numbers by

oo

M6 = = 3 Bal)

1—¢et =

where we formally let (—1)! = 1.

In the case £ = 1, we have

B,
B_1(1) = ~1, By(1) = —— ++11 (n € Np).

In the case £ # 1, we have
1
Bo(6) = 1 B = g f§)27
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Twisted multiple Bernoulli numbers (TMBNs)

Let r e N, 71,...,7 €C,and &, ..., & € C\ {1} be roots of unity. Set

H((t): (&): () HH (’szt" 51) _H :

= 11_5eXp('7JZk =j tk)

and define twisted multiple Bernoulli numbers B((n;); (&;); (~;)) for
(nj) € Z5, by

HAY ) () = 3 -+ 3 B () o)y o

In the case r = 1, we have B(n; §;1) = B,(£). In the general case, we

€1
use the notation B, ((&;)) == B((n;)r; (&) (1)) when
n=-=7=>L
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Explicit formula for CMBNs

Theorem (F., 2026+)
The following formula holds for every |, €.

l1—e l1—e

B((’i)r;(ﬁi)r;(ﬁi)r—l) _ Z Z Z .. Z

83
e=(e1), €40} x{0,1}r— V1<i<j<r me; ;€N i1=0
Me,1,1<h

Me1,r+-+Mer <l

r

(—1)Ek:1(6k+’k)5 . —(sk_1+iK) I |(Hk71 + ik)zf:" Me k.j
€7Hk:1 €y
k=1
S s Sk e
1 \Me ks -+ Me ko Ik — ( i—1 meﬂyk) et Xk Mok

%(ll—mgyl,lo%~~oe,I,—(Z,7:1 me,i,,))(el_l(l - el) Oyl Ce; 6:1(1 - ef))

(CMBNs) = ) “(TMBNs)
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Main theorem (The case r = 1)

Example (The case r = 1)
For any root of unity &, TBNs is defined by

H(t: &) = get Z Bo(61) tn

Let c € Z; NN>,. Forany i € Ny, €1 € pic, and h € N, CHSs is defined

by
SQ) h /1 61 Z Giul ll
u; =0

For any € € uc and [ € {0,...,h + 1}, CBNs is defined by

h+1
8@ h /1 61 Z B ll il hlfh.

EENC
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Main theorem (The case r = 1)

Theorem (The case r = 1)

Let ce€ Z; NN, ¢ > 2. Put h € Ny be a non-negative integer and
€1 € Lhc. Then the followmg formula

h+1
o . I .
AR ACR LI (,1/>%/1—/'(€1 ") 2011

I’'=0

holds for every &.

Consider the following generating function with coefficient Sy (/; €1)

oo h—1
ZS@ h(ll 61 Z Z Giul U1t °

=0 u;=0
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Main theorem (The case r = 1)

Proof (continued).

For convenience, we let ; =/, uy = u, and efl =£,
oo h—1 /
o ut
F(t) :Zzg (/l)
/=0 u=0 :
h—1 0o
(ut)!
=2 &>
u=0 =0 It
h—1
:Zé-ueut
u=0
h—1
— (6 t)u _ 1- ('Set)h
u=0 1- Eet
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Main theorem (The case r = 1)

Proof (continued).

By definition of TBNs, we obtain

1 (get) 1
Ao =l - ghen

- <1 s"z(t,’?') (Z 9&(5)3)

1=0 n=—1

oo n 0 / 9 n
> B - ( h/}_;#ﬁ) (_Zlasn(afﬂ>

n=—1

o0

DR MG S SIL WO Ris

m=-—1 m=—1/+n=m

Ku-Yu Fan Explicit Formulas for CMBN

18/33




Main result
0000000080

Main theorem (The case r = 1)

Fiy= Y .05 -3 ¥ h'ssn(s),t—

m=—1 ’ m=—1[4+n=m
o m oo m+1

- Zl%m(g);” _gh Z]-IE: h %m l /)|
m=— m=— 0

:i%(g)g—f"infh% ()tm
m=—1 K m! m=—1 /=0 " l !

_ oo ~ hm+1 - / L
S Bm(©)-"> ;B () ]| —
m=—1 1=0
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Main theorem (The case r = 1)

Proof (continued).

By comparing the coefficients, we have

h+1

Son(hie) = B(eh) =

1=0
By comparing the coefficients, we obtain

h+1
B = 3, (71)0eado — Y
1'=0

where § is the Kronecker delta.

I} 1y
(;)%/1/(61 1)61 hp!,

h
//

(

>%/1/'(611)55,61—15/,/',
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Application to p-adic special values
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Generalized Euler-Zagier-Lerch type multiple zeta-function

Definition

Let &1,...,& € C be roots of unity. For v1,...,v, € C with Rv; >0
(1 <j <r), where R means the real part of the complex number. The
multiple zeta-function of the generalized Euler-Zagier-Lerch type is
defined by

&) =3 S I s

my=1 m,=1 j=1

m;
J

S+ myy;)S’

which is absolutely convergent in the region

Dy ={(s1,--,5) € C'|R(sr—ks1 +--+5) > k (L < k <)}
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Furusho, Komori, Matsumoto, and Tsumura’s work

Theorem (Furusho—Komori—Matsumoto—Tsumura, 2017)

Let &, ...,& € C be roots of unity and 71, ...,7, € C with
Ry >0 (1 <j <r). Assume that

& #Lforallj(1<j<r).

Then, with the above notation, (,((s;); (&); (7j)) can be analytically
continued to C" as an entire function in (s;). For ny,...,n, € Ny,

Gr((=m); (&): (7)) = (1)t B () (671); (7))

In the case 3 = -+ =, = 1, we have

Cr((=m)i (§): (1)) = (1) ™ "B ((§71)r).
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An explicit formula for the pMLFVs

We have the following three results.

PMLFVs = > "(CMBNs) x (CMHVs) [FJ]

(CMBNs) = ) "(TMBNs) (F.)
zeta functions of (—n;) = TMBNSs of (n;) [FKMT]

By the above, we obtain

pMLFVs
= (CMBNs) x (CMHVs) [FJ]

= (ZTMBNS) (CMHVs) (F.)

:Z (complex zeta values) x (CMHVs) [FKMT]
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An explicit formula for the pMLFVs

Theorem (F., 2026+)

(pZ,‘:x Ly (M) (W) (1) C))pePC -

Z Z Z Yo Hr (1—6;),,1:]1:

SSRGS ) gy TP PP

Z Z .. Z (_1)ﬁ(P2)+Zg(:Plz)(’.k+IJ,k)

(e)(py) €40} x {0,1}#(P)—1 1=0  iyp,)=0
Ch(pa)—3i2) ¢, <(_/J’1 Ocr " " Oeyipy) —l1t(P2));

(€J71(1 — el)o Oen €J ﬁ(Pz)(l 7eﬁ(p2)))>

€; L Llk=1

Frob—*
0 (P2,3)\ ( Z .s’j(W(l)(;) .
e, =7 —(x +i)
Ijer, (J ) He2) k1T Sen(T, )

J

™ =
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Depth 1 formula for the pMLFVs

Corollary (F., 2026+)
For any n € N, the family

(p"Lp,l(n; w "1 C))pEPc

is expressed as

Z Z ( ) 1+I<1( 6—1;1) ﬁ(n_F/’Efl)Frob’l

=0 ecpc\{1}
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Depth 2 formula for the pMLFVs

Corollary (F., 2026+)

For any (ny, np) € N2, the family

(P Ly o((n1, ma); (W™, w™™); (1,1); ¢ ))pePc

can be expressed as

5 B (D)

(h,l2)ENZ (e1,62)€(uc\{1})?
(o (=~ ) T, 5) A+ by + ), (657, 51
+G ((=h, —k); (15,6 1)) H(m +h+no+ b, 51_1)':'013_1
+ G ((—hy—h)i (" 1) B2 + by m + k), (e 7 M) ™0

+G (—h = hier) H((n2 + by m + h), (e ,61_162))Fr0b71} .

Appendix
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p-adic multiple L-functions

Definition

Fix a prime number p, we put Oc, to be the ring of integers of C,. Let
w:Og — OF  be the Teichmiiller character, and let (x) = o6 for

x € Og . Set

p—1
/Z ,, f(x)dmz(x) = lim_ ; f(a)m,(a+ pNZ,),
where m; is the measure defined by
z

m(j + p"Z,) = 1_ 7" 0<j<p"-1)

— zP

for z € PY(Cp) with |z — 1], > 1.

Appendix
0800
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p-adic multiple L-functions

Definition (continued)

Let p be a prime number and (s;), be the element in the set
X(d) = {(s1,---,5,) €Ch | ], < d"p7 71 (1<j< )}

Let (ki), € Z", ¢ € N> which is prime to p, and

(Zp) ={Ca,--- . x) €Zy | pixt, ptatx), .., ptat +x)}
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p-adic multiple L-functions

Definition (continued)

The p-adic multiple L-function is defined by

Lpr((si)ri (Wki)r; (1)ric) =

/ <X1>751<X1+X2>752"‘<X1+"'+Xr>7sr
(zg)

wh (31 )w* (x1 4 x0) - wh (g + -+ 4 x) [ ] diive (%),
i=1

where M. is the measure defined by

Mme 1= Z me.

=1
€1
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